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^ ■ Abstract 

We consider subleading terms in the one-loop Matrix theory potential between a 
classical membrane state and a supergraviton. Nontrivial terms arise at order v/r 8 and 
v 3 /r 8 which are proportional to the angular momentum of the membrane state. The 
effective potential for a graviton moving in a boosted Kerr-type metric is computed and 
shown to agree precisely with the Matrix theory calculation at leading order in the long- 
distance expansion for each power of the graviton velocity. This result generalizes to 
arbitrary order; we show that terms in the membrane-graviton potential corresponding 
to nth moments of the membrane stress-energy tensor are reproduced correctly to 
all orders in the long-distance expansion by terms of the form F X n in the one-loop 
Matrix theory calculation. 
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1 Introduction 

There is by now abundant evidence that the Matrix theory proposal of Banks, Fischler, 
Shenker and Susskind [I] has exposed an extraordinarily close relationship between super- 
symmetric matrix quantum mechanics and 11-dimensional supergravity. For recent reviews 
of the subject, see 0, [J. Numerous calculations have shown that in various particular cases 
the leading term in the one-loop Matrix theory potential reproduces correctly the leading 
term in the long-distance supergravity potential (the original examples of this calculation 
appeared in H, 0J; a general proof of this result appears in ||). Sub leading terms in the 
Matrix theory potential are less well understood, although some progress has been made to- 
wards understanding both subleading terms in the one-loop potential and terms arising from 
higher loop effects || [7|, ||, |], [10], [IT| . Processes involving longitudinal momentum transfer 
have been studied in Matrix theory and found to agree with supergravity [fL^] . Scattering 



of more than two gravitons has also been considered |fL3|j , giving an apparent discrepancy 
between Matrix theory and supergravity; a possible resolution of this discrepancy appears 
in fL4| . Spin-dependent effects in graviton scattering were considered in |L5|, [16], |17| . 



To date, most studies of subleading effects in Matrix theory have focused on supergraviton 
interactions. The first nonvanishing subleading term in the effective potential between a 
pair of gravitons (without spin) is of order v 6 /r 1A and arises as a two-loop effect ||. In 
this paper, we consider subleading terms in the potential between a classical membrane 
configuration of finite size and a single graviton. The leading term in the long-distance 
membrane-graviton potential was calculated for infinite flat membranes in |T^, |B3], and for 



compact membranes in ||20|| . In the case of the compact membrane it was shown that the 
potential between the membrane and a static graviton contains a time-dependent part related 
to gravitational radiation from the classically oscillating membrane as well as a constant part 
which is proportional to the square of the energy of the state. The stationary component of 
the potential precisely reproduces the static supergravity potential around a massive object, 
so that this result was interpreted as a demonstration of the equivalence principle in Matrix 
theory. Because the membrane is an extended object, subleading terms arise in this potential 
at order v k /r s for k = 0, . . . , 4. In this paper we calculate these terms, as well as the velocity- 
dependent terms at order 1/r 7 , for an arbitrary membrane configuration and analyze them 
in detail. Just as for the static membrane-graviton potential, we find that each term can be 
expressed as a sum of a stationary component and a time- dependent component related to 
radiation effects. The stationary components at order v/r 8 and v 3 /r 8 are proportional to the 
angular momentum of the membrane state. We compare the effective potential calculated 
in this way to supergravity using several methods. We compute the effective potential for a 
graviton moving in the metric produced by a heavily boosted rotating source in a space which 
has been compactified in a timelike direction. This potential agrees perfectly with the results 
of our Matrix theory calculation. We also compare our results directly with the potential 
arising from single-graviton exchange in 11D supergravity. We find agreement in this case 
also. From the graviton exchange calculation, it is clear that there are terms of order v k /r n+7 



for every n > in the membrane-graviton potential which arise from nth moments of the 
stress-energy tensor of the membrane. We show that these terms are reproduced precisely 
to all orders by certain terms in the one-loop Matrix theory calculation. 

The paper is organized in the following fashion: In Section 2 we carry out the one-loop 
Matrix theory calculation of the membrane-graviton potential to order 1/r 8 . We rewrite 



this potential in the membrane language of de Wit, Hoppe and Nicolai [£]]] and analyze the 
structure of the time-independent components of the potential. In Section 3 we calculate 
the appropriate metric for a boosted rotating object in lightlike compactified supergravity; 
we calculate the effective graviton potential in this background and demonstrate agreement 
with large N Matrix theory. In Section 4 we calculate the potential from single-graviton 
exchange processes in supergravity between a membrane with a given stress-energy tensor 
and a graviton with given momentum. We analyze the effects of higher moments in the 
exchange process and show that the resulting terms are reproduced to all orders in Matrix 
theory. Section 5 describes the simple example of a rotating spherical membrane. It is found 
that the usual relation between angular momentum and the 1/r 8 term in the potential is 
modified by finite N effects. Section 6 contains concluding remarks. Throughout the paper 



we use the notation and conventions of p0| 



2 Matrix theory potential at order 1/r 8 

In this section we calculate the one-loop effective potential governing the long-distance in- 
teraction of a graviton with an arbitrary localized state in Matrix theory. We arrive at a 
general expression for the potential at leading and subleading order in the inverse separation. 
Specializing to states which describe classical membranes in the large N limit, we simplify 
the resulting expressions and show that at each order in v the potential is described by a 
time-independent term depending only on conserved charges of the membrane plus a time- 
dependent term which averages to zero. We arrive at a general formula for the time- averaged 
potential containing the leading term at each power of the graviton velocity up to fourth 
order. For v and v 3 the leading contributions come in at order 1/r 8 and are proportional to 
the transverse angular momentum of the Matrix theory object. 

2.1 One-Loop Matrix theory potential 

The one-loop Matrix theory calculation describing the effective potential between a pair of 
separated states was used in Q to describe the scattering of a pair of branes in type IIA 
string theory. Since then this calculation has been performed in a wide variety of contexts, 
describing interactions between many Matrix theory objects. In this subsection we carry 
out this calculation to order 1/r 8 for the potential between a graviton and an arbitrary 
Matrix theory object. We follow the quasi-static approach to this calculation described in 
|20|1 . It was shown in |22] that there are discrepancies in some subleading terms between 



potentials calculated using this method and those calculated using the phase shift method 



of [|J. However, this method is known to be valid for the leading order terms, and we find 
in this paper that it is also accurate for a particular infinite series of subleading corrections. 
To describe widely separated objects in Matrix theory, one chooses a background matrix 
configuration which is block diagonal, with the trace of each block (divided by the rank) 
giving the center of mass coordinates of the subsystem. We consider a system containing a 
compact object with center of mass fixed at the origin and a graviton having an arbitrary 
position and velocity. The appropriate background is given by 



X*(t) 



Y*(t) 









;i) 



Here, Y;(£) for i = 1, ... ,9 are N x N matrices solving the classical equations of motion 
of Matrix theory. We assume that Tr (Yj(£)) = Tr (Yj(£)) = and that the eigenvalues of 
Yj(t) have a finite spread so that we are dealing with a compact object whose center of mass 
remains at the origin. The lower-right entry is a scalar corresponding to a graviton probe 
with p_ = 1/R. We assume that the separation distance r is much greater than the spread 
of eigenvalues of the matrices Yj(t), so that our probe is very distant compared with the 
extent of our compact object. We also assume that v is very small, so that the graviton has 
moved a short distance compared to r in the natural time scale associated with the classical 
dynamics of the object at the origin. 

Using the quasi-static approach of pQ |, we expand about this background in the Matrix 
theory action and compute the one loop effective potential. At quadratic order in the fluc- 
tuations of the off-diagonal degrees of freedom, the action describes a system of harmonic 
oscillators with frequencies determined by the background fields and their time derivatives. 
There are ION complex bosonic oscillators with (frequency) 2 matrix 



m 2 
M lb 



M ob + M lb 

i 

-2d t Kj 
2d t Ki 2[K i ,K j ] 



where 



Ki = Yi- n Inxn ■ 
There are also 1QNN complex fermionic oscillators with (frequency) 2 matrix 

(%) 2 
M 0/ 



M Qf + M lf 

]Tfr 2 ®i 16xl6 



Mi 



idtK i ®<y i + -[K i ,K j ]®i i - 



and (two identical sets of) NN complex scalar ghost oscillators with (frequency) 2 matrix 

i 

The one loop Matrix theory potential is given by 

Matrix = Tr (Q b ) - ^Tr (Slf) - 2Tr (Q g ) . (2) 

For large r, M and M% have eigenvalues of order r 2 and 1 respectively, so the Mi's can be 
treated as perturbations when computing the traces. For each of the traces, the standard 
Dyson perturbation series gives 



TWM + M 



1 Tr r %- e-^o+Afx) (3) 



20F k t 3 / 2 

^Tr W f° n ^ e -(n+-+r n+1 )r 2 e -nMo Mie -r 2 M . . . Mie -r„ +1 Mo | 



(<ri+-+cr n+ i)^M M ^^Mo . . . », — S±iAf 



Tr £ / " ^| e -(^+-+^ + i) e ^ Aj °Mie^ AJ ° . . -M^ 



2v^ VUG (I> 4 ) 3 / 2 
Here, we have taken a { = r 2 ^ and M = r 2 (l ® 1) + M = r 2 (l <g> 1) - M + M where 

M = E 2r * Y <® 1 > M = ]TY 2 ®1. 

i i 

Expanding 



e - CT! A/o/r 2 = X _ a .M / r 2 + . . . ^ 

we see that a term in the expansion with n powers of Mi and m powers of M contains terms 
with powers of 1/r ranging from i/ r 2n + m ~ 1 to 1 / , r - 2n + 2m_1 . All terms for n = 0, n — 1, n — 2 
and n = 3 vanish in (0) by Lorentz invariance |20|| , so for a potential calculation to order 
1/r 8 , we need only consider the terms with n = 4, m = and n = 4,m = 1. Keeping only 
these terms we find, to order 1/r 8 

5 35 

^matrix = ~T7^^W Q - ^-g Wl (4) 

128 r' 256 r 9 



where 



W = Tr(Mi 4 6 )-^Tr(M 1 4 / ) 



Wt = Tr(M 06 M 4 fe )--Tr(M 0/ M 1 4 / ). 



1 

2 

Computing the traces, we find 



W = Tr(F) 

PFi = Ti^nYiF) (5) 



where 



T = %F» v F\F x a F\ + 8(F^F\F\F\ + F» v F x a F\F v 



x) 

Ait i rp rri t7>A<t 



-1{F^F^F X(y F Ku + F^F Xa F A °F^) - 2F txv F Xa F^ F x ° . 

The field strength components are given by F 0i = —F i0 = d t Yi — Vi, Fij = i[Yi,Yj] and 
indices are raised and lowered with a Minkowski metric r]^ = diag( — !-■■•+). 

Note that the only place in the potential that Vi appears is through F 0i . Since the 
expansion of T contains terms with zero, two and four Fq^s, we will get terms with up to 
four powers of v for both 1/r 7 and 1/r 8 . 

2.2 Matrix-membrane correspondance 

We will now restrict attention to systems where the object at the origin is a membrane. 
The correspondence between the Matrix theory description of a membrane and the world- 
volume description of a supergravity membrane in light-front coordinates was developed in 
|24], p5|, |21|. We now review some details of this correspondence, using the conventions 



of [20 



The essential feature of the matrix-membrane correspondence is that matrices are taken 
to correspond to functions on the membrane world-volume. The trace becomes an integral, 
and commutators become Poisson brackets through 

•*-*!*- [■■■!- ffc* 

We can translate the field strength components appearing in the Matrix theory action and 
one-loop potential into membrane language via the correspondence 

One notable aspect of this correspondence is that while the algebraic manipulations available 
for matrices with commutators are mirrored by those of functions with Poisson brackets, 
translating a given matrix expression into the membrane formalism in this way can drop 
subleading terms in the 1/N expansion, such as those arising from commutators of field 
strength components. For this reason, we expect results derived using this formalism to only 
be valid at leading order in 1/N. 

We now list a number of properties of the membrane variables which will be used to sim- 
plify our expressions. The transverse coordinates satisfy the equations of motion (equivalent 
to the matrix equations of motion) 

Y< = ^-A (ll ab d b Y % ) 
which follow from the Hamiltonian (equivalent to the matrix Hamiltonian) 

4irRJ \2 N 2 / 



Here, 7 tt & = dgYid^Yi and 7 = det 7^. This light-front gauge membrane Hamiltonian is 
related to the auxiliary Y~ membrane coordinate by 

H=^L fd 2 a[Y- 



AnR 
Since H has a constant value E for any solution of the equations of motion, we may write 

Y-(t,a a ) = ^Et + Z(t,cj a ) 

where E is the light front energy of the membrane and £ is a fluctuation satisfying / d 2 o £ = 0. 
Constraints imposed by the light front gauge choice imply that Y~ satisfies 



y- 

d n y- 



1 • • 27 

-YY H - 

2 * * JV 2 



^ = ^(77^- 
Finally, we list a few identities used below which can be easily checked 



{Y u Y 3 }{Y 3 ,Y k } = - 17 ab d a yd b Y k 

{y^Hy,^} = 2 7 



n-n - T^TT^y^n = ^(^y fc ) - -^^(77°^^) 



|dV (yy^ - y-^77 o6 9 a y J a 6 y fe 



d 2 a (~ ^(W* + yy^fe - yY 3 Y k ) 



The third and fourth relations also hold if we substitute Y for any of the Y's. 



2.3 Analysis of 1/r 7 terms 

We begin by analyzing the terms of order 1/r 7 in the potential ([5]). Our goal is to express 
each term in terms of a time-independent part plus the world-volume integral of a time- 
derivative of a bounded fluctuation. The term of order v°/r 7 was shown in [20| to be given 
by 



W [v c 



N 
Air 



d 2 a 



11*- 

96 — E 2 + — I d 2 a 

N Aii 



24 yMA + ^ 7 yy + ^7 2 - f^m^W) 

96 (y~) 2 -^ll ah d a Y-d b Y- 



d 



™ l w 



This consists of a constant contribution proportional to the square of the matrix energy, plus 
a total derivative which vanishes in a time average, since the fluctuation £ is a function of 
bounded variation. The linear term in v is 



W [v l ] 



N 

4:71 

N 
4tt 



a 



-96 ViYJTjYj 



^VM + ^Vir^idjQYifoYj) 



d 2 a 



4% 



-192 Vi [YiY- - — ^daYAY- 
d 



(6) 



■192 Vi -(Y£ 



This term vanishes in a time average, so the stationary part of the potential has no linear 
term in the velocity at order 1/r 7 . The v 2 term at order r 7 is 



W,[i> 2 l 



47T 

^ / ,/V 

4% 



• • 192 • • 384 

48 v 2 YY t + —v^ + 96 ViVjYiYj - — ^^ 77 a6 9 a y^ 6 ^ 



96 t; 2 r- + 96 ViVjiYiYj - — 1 r b d a Y l d b Y ] ) 



N 



96 v 2 RE + — d 2 a 

47T 



96 ViV — iY^) 



Here we get a nonvanishing constant term proportional to the matrix energy of our object 
plus a term which vanishes in the time-averaged potential. 

Though we will be mainly interested in the constant piece, it is interesting to note that 
the time-varying portion of the potential for the v°, v l and v 2 terms may be rewritten as the 
second time derivative of a quadratic term in the membrane coordinates (e.g., d 2 JYjYj for 
the v 2 term). This is exactly the form of the contribution to the potential that we expect 
from the graviton's interaction with the object's quadrupole radiation. We will not discuss 
this further here. 

At third order in v, we have 



Wn\v 3 ] 



N 
4n 



d 2 a 



96 v\Y 



0, 



since / Yi is proportional to the transverse momentum which we have assumed is zero. Fi- 
nally, at order v 4 , we have a non- vanishing constant contribution 

W [v 4 } =24v 4 N. 

Note that this term is independent of all properties of the object except its longitudinal 
momentum p_. 

Although we have carried out these calculations in the membrane language, the v 2 , v 3 
and v 4 terms are simple enough that analogous relations can be shown without using the 
membrane correspondance. Mimicking the manipulations above with matrices, we can derive 
analogous expressions directly in matrix language. However, the same is not true of the v° 



7 



and v 1 terms. As noted in [20] for the v° term, the analogous relations in Matrix theory 
break down at subleading order in 1/N, so that the stationary terms in the potential are not 
simply related to the conserved quantities of the Matrix theory Hamiltonian. 

To summarize the results of this subsection, we find that at order 1/r 7 the stationary 
part of the potential contains non- vanishing terms at zeroeth, second and fourth orders in v. 



2.4 Analysis of 1/r 8 terms 

To find the leading terms linear and cubic in the velocity, we look to the order 1/r 8 terms. 
Starting with the expression for W\ ©, we have 



WAv 1 } 



N 

4n 

N 

477 



d 2 a 



d 2 a 



768 1 ^36 

-192 nViY^Yj - —rrViYtYii + — - ■■ ' - - "'' 



nviYa-y^idaY^idbYj) 



-384 rm (yYtY- 



N 2 



Y m ab d a Yd b Y- 



(7) 



R 2 E N . ... 

-192 ——auriVi + — \ d a 



492 nv~ (fm - YM)£ + ^-YiYi + YiYit 



We find a non-vanishing contribution to the time-averaged potential proportional to the 
energy E and the transverse angular momentum tensor of the object, 



N 



o, 



1 



d'a [Y % Y 3 - YjYA ~ -Tr Y,Y, - Y,Y, 



Note that this angular momentum is a conserved quantity both in the membrane theory and 
in Matrix theory. 

The v 3 term is simply given by 



WMu 3 



47T 



192 rtv'viYY 
N 



2 7V f ,2 

—96 Rv ViTiau H Ida 

4:71 J 



_ 96v V,^(y,yi) 

of 



Again, we have a term proportional to the membrane angular momentum plus a time deriva- 
tive which vanishes in the average. Like the terms of order v 2 /r 7 , v 3 /r 7 and v A /r 7 , this term 
is simple enough to mimic with a matrix calculation so that the analogous result holds for 
an arbitrary matrix configuration at any N. The same is not true of the term (^), which is 
subject to 1/N corrections. 



2.5 Time-averaged potential 

We now consider only the time-independent part of the potential, performing a time average 
to eliminate the other terms. The result of the preceding calculations is that to leading order 
in 1/r for each power of velocity separately, the membrane-graviton potential is given by 



\ 'matrix/ 



15R 2 E 2 1 15REv 2 15Nv 4 105R 2 Ea u riVi 105ito K 7w; 



4N 



16 r 7 



+ 



4N 



+ 



(8) 



Note that the only properties of the object appearing in this expression are the conserved 
quantities of the classical membrane state: the energy, light-front momentum p_ = N/R 
and the transverse angular momentum. As discussed above, the terms of order zero and one 
in the velocity are subject to correction at finite N; the remaining terms are correct for any 
compact object to all orders in N. 

It is interesting to compare this result to a similar expression which was derived in JET] for 



the interaction potential between gravitons with spin. In that case, a similar term appeared 
at order v 3 /r 8 , but there was no term of order v/r 8 . This is consistent, since the term of 
this order in (§) is proportional to the light-front energy E, which vanishes for a graviton 
with no transverse velocity. 

3 Classical supergravity potential 

We would like to compare the potential calculation just performed with the corresponding 
result from a classical supergravity calculation. If the Matrix theory conjecture is correct, 
we would expect to find the same result, since we are dealing with a process which should 
be adequately described by the classical theory. In this section we compare the potential 
computed above to the effective action for a graviton moving in the appropriate metric on 
a compactified space. We proceed in two steps. First, we calculate the leading terms in 
the stationary long-distance metric of an arbitrary compact object with fixed momentum 
in a direction of space-time which has been compactified on a lightlike circle. This is the 
appropriate frame for comparison with Matrix theory. Then we determine the Lagrangian 
for a graviton moving in this background; we read off the potential from this Lagrangian, 



and compare with the matrix expression derived above. A similar procedure was used in ||T7 
to study spin dependence of graviton scattering in Matrix theory. 

3.1 Long-distance metric in lightlike compactified spacetime 

We will now compute the leading terms in the desired stationary long-distance metric using 
supergravity. We assume that the object at the origin has no net charges other than those 
associated with Poincare symmetries, so that we can calculate the metric at large distances 
using Einstein's equations in 11 dimensions. 

In uncompactified 11 dimensional spacetime in coordinates where the body's center of 
mass is fixed at the origin and the metric at infinity is Minkowski the long-distance stationary 
metric is given by |26, |27 



where 



CM 



hoo ^ + 0(l/r 9 ) 



IQI 



^ + 0(l/r») 



IIJ 



^^ + 0(l/r 9 ) 



(9) 



Here, M is the total energy of the object in its rest frame, ajj is the angular momentum 
tensor, and C is a constant given by C = 64G/37T 4 . 

To make a comparison with Matrix theory, we should consider the metric of such an 
object in a lightlike compactified theory in a frame where the object has p_ = N/R. To find 
this, we follow the kinematics of Seiberg fl28| . Starting with the metric @, we boost along 



x 



10 



to a frame where piq = N/R s before compactifying x on a circle of radius R s . The 



appropriate boost parameter satisfies 



N 

ryMv = — 

Rs 



To find the metric in the compactified space, we note that all of the terms in (|9|) come 
from the linearized Einstein equations, so that to this order the compactified metric may be 
obtained by a "method of images" , taking (tildes refer to boosted quantities) 

h% mp = E M^, x\ x 10 + 2imR t ). 

n 

To compute the leading order terms in 1/r, we need only keep the zeroeth Fourier mode of 
h on the compact circle, so we may average over x w to get 



I r+oa 

-Lcomp _ ____ 

"" ~2%R s j- : , 



10 Uf I 5 5 / * 



Finally, we perform another boost in the (opposite) x direction with boost parameter 



7 



R 2 



+ 1 



which, in the R s — > limit gives the desired form of the metric for compactification on 
a lightlike circle of radius R with p_ = N/R. The resulting metric (keeping only leading 
terms) has 



'i.i 



h. 



5CM 2 



Si 



256 Nr 7 lJ 
315M 2 RCai 



x J 



1024iV 2 r 9 
SlhCdijxi 



>-++ 



A5CM 4 R 2 

1024 N 3 r 7 
35CM 2 



5l2Nr 7 

AhCN 

256 R 2 r< 



(10) 



512,Rr 9 

Note that to this order, the components ohh do not appear in the expressions for h. Both 

h ++ and h have contributions at order 1/r 8 proportional to ai 0i x l /r 9 , but these are at 

subleading order. 
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3.2 Calculation of graviton potential 

We will now compute the effective potential for a graviton moving in a metric of the type 
just described. We follow the approach used by Becker, Becker, Polchinski and Tseytlin in 
0. The action of a scalar particle in 11-dimensional gravity is 

S = -m [cLt{-G i1u x^x u ) 1/2 



where G^ u is the background. For the process we will consider, p_ is to be fixed, so the 
appropriate Lagrangian in the transverse coordinates is 

C\p_) = £-p_x-(p_) . (11) 

Now, from the action, we calculate: 

(G + _ + h x~ + h_iX % ) 

P- = Tn 775 

where 

Solving for x~(p-) and plugging into (|TT|) we find in the m — > limit at fixed p_ 

(1 - h + _ - h^x 1 ) - ./(l - h+- - h-iX 1 ) 2 - h—(h++ + 2h +i x i +v 2 + hij&xt) 

c = p - hZ 

(12) 
In our case, all components of h fall off at least as fast as 1/r 7 , so up to order 1/r 13 we need 
only keep terms with one power of h in the expansion of (|T^). This gives 



C' = p. 



— + -h ++ + h +l v l + -h ijV l v j + -h+-v 2 + -h-iV 2 ^ + -h__v A + 0(l/r 14 ) 
2 2 2 J 2 2 8 



(13) 

Each component of the metric appears in this expression coupled to a different term in 
the velocity expansion. Thus, the graviton is a probe of all components of the metric. We 
now use the values of h calculated in ( |T0|) and read off the effective potential. In order to 
compare with the Matrix theory calculation in Section 2, we recall that the matrix energy 
of a state is related to its rest frame energy by 



R 

J matrix OAT' 



-C/ma.trix — TTTT-'W 



in the convention with i^ ma trix = R x Tr (iY J Y J — |[Y l , Y- 7 ] 2 ). Also, in these conventions we 
have G = 2tt 4: R 3 , so C = 128-R 3 /3. Using these expressions and p_ = 1/R, we find 

15R 2 E 2 1 IhREv 2 15Nv 4 105R 2 Ea H rm 105Ra H riViV 2 



gravlty " 4AT r 7 ~ 4 r 7 16 r 7 AN r 9 8 r 9 
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This is exactly the stationary part of the potential calculated in Matrix theory (|8|). Thus, we 
have shown that for an arbitrary compact membrane state in Matrix theory (and in complete 
generality for the v 2 , v 3 and v 4 terms) the time-averaged one- loop Matrix theory potential 
for a distant graviton reproduces the supergravity result for the leading term in 1/r at each 
power of velocity. 

4 Graviton exchange and higher order terms 

4.1 Graviton exchange and angular momentum 

Another way to understand the correspondence between the Matrix theory potential calcu- 
lation and supergravity is by considering single-graviton exchange processes in supergravity. 
The effective action from one-graviton exchange between an extended object with stress- 
energy tensor T^ v and a pointlike object with momentum p M located at y in a flat background 
metric in light-front coordinates is 

S cS = - l -jd ll xT, v {x)D^{x-y) P -^ (14) 

where the (harmonic gauge) graviton propagator in 11 spacetime dimensions is 

D^(x -y) = IQnG [rf^rT + rTv^ ~ gWJ / (2?r)11 _ fc2 • 

The stress tensor for a small object with center of mass at light-front coordinates (z~,z l ) 
can be expressed in a moment expansion 

T^(x+, x~, x l ) = T» u S(x~ - z~)8{x i - z l ) + T" u ^d z x (S(x~ - z~)S{x i - z 1 )) +■■■ 

where the zeroeth and first moments of the stress-energy tensor are given by 

T"" = fdz-d 9 z l T^{z + ,z-,z i ) 

T"" (A) = fdz-d 9 z t {z x T tlu (z + ,z-,z i )}. 



The supergravity interaction potential can be computed exactly to order 1/r 8 from these 
expressions. For example, the term linear in the graviton velocity appears in the potential 
with terms of the form 



r 11 - 1^! 

^gravity [V \ — - 



7T , -*0')r- 






(15) 



To compare this with the Matrix theory calculation in membrane language we note that for 
the membrane 

T ™ = 4^ / *° (*i*~ - ^ ab d a Y t d b Y-) . (16) 
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This expression appeared in the formula (|6|) for Wo^ 1 ] an d appeared with an extra factor 
of Y[ in (0) for Wifu 1 ]. Thus, these terms are precisely proportional to the zeroeth and first 
moments of the membrane stress-energy tensor component T~ l . This shows that even before 
time- averaging, Matrix theory correctly reproduces the expected supergravity potential for 
these terms. A similar argument can be used to show that the terms proportional to other 
powers of the velocities are also proportional to moments of the membrane stress-energy 
tensor. 

The time-dependence of the membrane-graviton effective potential arises from the fact 
that components such as T~ % of the membrane stress-energy tensor are not conserved in light- 
front time. From the point of view of supergravity, this time-dependent potential can be 
understood in terms of outgoing gravitational radiation which gives rise to an instantaneous 
time-dependent potential in light-front coordinates |29|, ||. Thus, in order to compare to a 
stationary metric of the type considered in Section ||] we must time-average the components 
of the stress-energy tensor. As we saw, this gives a precise agreement between the Matrix 
theory calculation and the effective potential in a static supergravity background metric. In 
fact, the structure of the terms in the potential ( |i~3"D arises precisely from the structure of the 
one-graviton exchange term flT4]). The different components of the metric h^ v are directly 
related to the components T^ v of the stress-energy tensor of the extended object. 



4.2 Higher order terms 

We have seen that the 1/r 8 terms in the Matrix theory potential correspond to angular 
momentum and other first moments of the membrane stress-energy tensor. It is natural 
to ask whether further subleading terms can be related to higher moments of the stress- 
energy tensor. Indeed, this is the case. We will now prove that all the higher-order terms 
proportional to the graviton velocity which arise from single graviton exchange processes can 
be reproduced by considering terms in (|3]) with n = 4 and arbitrary m. 
Generalizing ( |i~5|) to higher moments, we find that 



V. 



gravity 



^ 15Rv l 
^ 2 

t Rv ' 



p=0 



2r 7+p 



.\\p_T~ i{ - hJ2 " jp) d- d- •••(9- (—) 
l ) pi 1 u 3i°n u Jp\ r T> 



V (-l) k T~^ jlJ2 '" jpS) (n- ■ n n- 

L^l V / \'hpJp-l'ljp-2jp-3 'hp-2k+2jp-2k+l, 

k<p/2 

(5 + 2p-2k)\\ rjl r J2 ---r jp _ 2k 



(17) 



2 k k\ (p-2k)\rP~ 



2k 



where n\\ = n(n — 2)(n — 4) • • ■ 1. 

We can compare this with the higher order terms in the Matrix theory potential arising 
from n = 4 contributions to (|j). In the matrix membrane language, each power of M /r 2 
which enters contributes a factor of — r • Y/r 2 while each factor of Mq/t 2 contributes Y 2 /r 2 . 
Because on the membrane world-volume the functions Y are commuting, it does not matter 
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at which position in the trace these terms contribute. It is relatively straightforward to 
analyze the combinatorial structure of the various possible terms. We can compute 



2^r 7 [Jo a 3 / 2 J 



yj 



w k r r *« .-*-*_}■ (p- k \ *»-». r/ 



V V (-l) fc+1 (5 + 2p-2A;)!! ^ P - 2k ^ k 

P =o fc ^/ 2 3-2 7+ ^!(p-2fc)! r r + 2p-2^ J 

where we have abbreviated a — a±+- ■ -+cr^. From this and the fact that Wq[v x ] = 192 RT^v 1 
it follows that 

•'matrix [ v \ — 2^ 9 r 7+p 2-^i [\ ) m [Vjpjp-lVjp-2Jp-3 ' ' ' Vjp-2k+2Jp-2k+i I 

p=0 Z ' k<p/2 

(5 + 2p-2k)\\r jl r h ---r jp _ 2k 

X 



2 k k\ (p-2k)\rP- 



2k 



where we define the higher moments T^ 1 ^ 1 '"^' of the membrane stress tensor through ( |i~6"D 
with the product Y^ 1 ■ ■ ■ Y^ p inserted into the integral. This expression agrees precisely with 
(|i~7|) . Thus, we see that there is an exact agreement at all orders between the set of terms 
in the one-loop Matrix theory potential which are linear in the velocity and cubic in the 
membrane field strength and the terms in the supergravity potential which are linear in the 
velocity and arise from single-graviton exchange processes. It is straightforward to generalize 
this argument to the terms proportional to all powers in the velocity from zero through four. 

5 Example: Rotating spherical membrane 

As an explicit example of how transverse angular momentum appears in the Matrix theory 
potential at order v /r 8 , we consider a symmetric spherical membrane of radius R initially 
at x\ + x\ + x\ = R 2 and rotating uniformly in the 1 — 4 plane, the 2 — 5 plane and the 
3 — 6 plane. Such a spherical membrane can be described by matrices which are linear in 
the N x N SU(2) generators in U(N) through 

9 R 

Yi = —JiCos(ujt) 

Y i+3 = — — Jisin(^£) 

^7,8,9 = 

where the N x N matrices Jj satisfy 
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It is easily verified that this configuration solves the equations of motion 

Y i + [\Y i ,Y j \,Y j \=0 

for uj = 2\/2R/N . At this frequency, the centrifugal forces are sufficient to keep the mem- 
brane from collapsing, and the rotating sphere has a constant radius. The angular momentum 
of this state is 

1 



a 



'.) 



-Tr [YYj - Y 3 Y t ] 



R 

2V2R 3 1 

" 3R [ N* )ClJ 

where c 4 i = — c u = c 52 = — c 2 5 = c 63 = — c 36 = 1 and the matrix energy is 

E = R 11 (l^-\[Y,MY u Y 3 ] 

RN K N 2> 

Let us now consider the interaction between this rotating sphere and a graviton with position 
Ti and velocity vi —fi. The term in the Matrix theory potential proportional to v/r 8 is given 
by equation (pj) as 



35 
256r 9 
3360v^^ 7 



V v/r 8 7TEZ^ Tr [ 2r i*i«?v] 



r 9 N 7 



Vi sin(a;t) + v i+3 cos(ut)) {ji cos{uit) — r; +3 sin(a;i)) 
xTr [Ji(J t JjJj + JjJjJi + JjJ{Jj)] . 



The cos(ut) sm(ut) terms time-average to zero while the cos 2 and sin 2 terms average to 1/2, 
so, computing the trace, the time averaged potential becomes 

/T _ , 105V2R 7 . , / 10 7 \ 

V^/- 8 ) = r 9 N 2 ( r ^»+3 - r^vt) [1 - ^ + ^jj . 

Using the explicit expressions for E and a^ for this state, we have 

105R 2 Ea H riVi lOSv^ 7 , N /, 2 1 

[TiVi+3 - r i+3 Vi) 1 - — + — 



4N r 9 r 9 N 2 \ N 2 N 4 

Thus, we see explicitly that in the large N limit, 

105R 2 Ea li r l v i 

for this state, and so the matrix energy and angular momentum appear as expected. However, 
this formula does not hold at finite N, since there is agreement only at leading order in N. 
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6 Conclusions 

We have analyzed subleading terms in the one-loop Matrix theory potential between a clas- 
sical membrane configuration and a moving graviton. We found that the terms of order 
v/r 8 and v 3 /r 8 contained stationary components proportional to the angular momentum of 
the membrane state. These terms were shown to correspond precisely to the predictions 
of lightlike compactified supergravity. We also showed that the one-loop Matrix theory 
potential contains an infinite series of terms of order \/r 7+n related to higher moments of 
the membrane stress-energy tensor, and that these terms agree precisely with terms in the 
supergravity effective potential arising from single graviton exchange. 

These results provide further evidence that there is a remarkably deep structure hidden 
in Matrix theory which is capable of reproducing extremely nontrivial properties of 11- 
dimensional supergravity. The methods used here provide a systematic framework with 
which to further explore this structure. 

We have not discussed finite N effects much in this paper; indeed, most of our Matrix 
theory calculations were performed in the membrane language where 1/iV corrections are 
dropped. There are currently some apparent contradictions between Matrix theory and 
supergravity |Jj], §, [13|, |31|, |20|, [J_2|] , most of which seem to relate to the validity of the finite 
N DLCQ conjecture |JJJJ. Although there are some fairly convincing arguments that finite 



iV Matrix theory reproduces DLCQ M-theory |34|, ^8], [Jo], [TJ|], there are subtleties in these 
arguments indicating that DLCQ M-theory may not be equivalent to DLCQ supergravity 
|2|, |2U|. It was shown in |2D| that the stationary part of the leading term in the potential 



between a membrane and a graviton with no transverse velocity is proportional the square of 
the Matrix theory energy of the membrane. However, it was pointed out that this relationship 
only holds at leading order in 1/N. There are subleading corrections which seem to indicate 
a breakdown of the equivalence principle at finite N. The manipulations we used to show 
that the v/r 8 term is proportional to the matrix angular momentum used the membrane 
language in which subleading terms in 1/N are dropped. Analogous to the subleading 
corrections in the v°/r 7 term, we found subleading corrections in the v/r 8 term which break 
the relationship between the coefficient of this term and the membrane angular momentum. 
This gives further evidence that at finite N the usual relationships between the long-distance 
gravitational field around a finite-size object and the conserved quantities of the object 
break down. It is difficult to see how to reconcile this observation with the finite N DLCQ 
conjecture. 
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